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Sistema Linear

Superposicgo: r,(t) + r,(f); produzira uma saida c, (t) + ¢, (f).

Homogeneidade: Ar,(t) produzira uma saida A c, (f).
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a. Sistema linear; b. sistema nao-linear
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Fig. 2.46

Algumas nao-linearidades fisicas
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Fig. 2.47

Linearizacao em torno de
ponto de operacao (A)

Etapas:

1. Escrever a equacdo diferencial nao-linear
para o componente nao-linear.

2. Linearizar a equagado para pequenos
sinais de entrada em torno da solucao de
estado estacionario, ou equilibrio.

3. Separar variaveis de Entrada, Saida e
Intermediarias

4. Calcular a Funcdo de Transferéncia
a partir das equacoes linearizadas

Lf(x) = f(xp)] = ma(x — xg)  8f(x) = m,bx

£ df (x—x0) , d*f
fx) = f(x) + i TN

X=Xy

(x — xp)*

AL

I=I[_]
(Taylor)
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Fig. 2.48 feo

Linearizacao de 5 cos x 3 L
em torno de x = 7/ 2 4 nclinagao = -
3
df|  G-x) & @-xn) 2
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f(x) = flxo) A bt T drE 2 1
X=X
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Jx) = flxy) = {—j (x = xp) —4 0 4
Xy 4

8(x) = ml;-, Bx

o flx|x-50x
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Linearizacao da uma eq. dif. nao linear

2
d_f e 2d_x +cosx = (0 em torno de x, = /4

dr dt

Solugao: Para linearizar a equagao em torno de x = nr/4, fazemos x = dx + n/4, onde ox
€ uma pequena excursao em torno de /4, e substituimos x na eq. original:

y T .
‘ (Sx+z)+"d(&+z' +|:()s.(:’$:r+E =0 ' ('S'H- )‘d:m d(ﬁx+4£) ddx
dr S d 4 dr? dr? a==
- dt dt
. if
J(x) = flxy) = {—f‘ (x = xp)
1 -
_ T m\  dcosx| - TJ‘ s m\_ [(m\ (& \j \5
wb(&r + E) L‘GS(I) - i;-—# ox = sen(;)ﬁr w&(&f + I) = 08 (I) scn(~4-J&r st _3_&
o : o - ) d-dx , déx yj?L \E
Substituindo, resulta a seguinte equacgao diferencial linearizada: e - = T(S.\' ="
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Comparagdo: Sistema Nao Linear x Linearizado

Sistema auténomo (sem entrada) em torno de x = /4.

Sist. din. ndo linear

+2— +cosx =0

Gain
»| cos > d Zn dx
1 . Trigonometric dt? dt
> = = > = T unction
Integrator Integrator1 :l
Scope
2 -
Gainl —pisqrt(2)/2 +
Gain2 s
) 3 sqri(2)/2
— = — = f—
S | do S | xe Constant
Integrator2 Integrator3
™+
pi/4 »
Constant1
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Sist. Din. linearizado

d?bx
dr?

déx
dr

v2

2

J)

e

2
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-10

-15

Sistema nao-linear estavel!
Modelo linearizado instavel!!

x - vanavel grandes sinais
Xp - pequencs sinais

|——Xp-xp+PO.

x - vanavel grandes sinaks
XP - PAQUBNOS SINE N
————Xp-xp+ P.O
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SISTEMAS DE NIVEL DE LIQUIDO

2% ordem

42 ordem
Fase ndao-minima

Bomba d'aqua #
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SISTEMAS DE NIVEL DE LiQUIDO

Grandes Sinais =
Regimes de fluxo : Ponto de Operagdo + Pequenos Sinais

# Reynolds > 3.000 ~ 4.000 = fluxo turbulento, Q = KvVH, K [m>%/s]
# Reynolds < 2000 = fluxo laminar, @ = KIH
Processos industriais geralmente sdo turbulentos

Fluo Turbulento

=y C\JD
Da—~
Balango de massa (= volume, agua):
Fluxo faminar
dH
B —=0 — KVH (Q,=KVH)
- — —
Gy dh _« \f: K
dt ¥ 2 \/ﬁ
Linearizagao dh K B
A—+—=h=g
- df 5 dt 7]
X =f®+7- X=X 2JH
X
= H 4 Laplace
H=VH +—=h ap

AsH(s) + L_H(s) = Qi(s)

2/H
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Q=0Q+a
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Q=0,=Q
H+h Eiq..
A [T IXT
K
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QE(S)_ A +_K_.
s 2\/?
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_ /A
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SISTEMAS DE NIVEL DE LIQUIDO
COM INTERACAO

Balango de vazdo massica — Fluxo Turbulento

dH
Ay —*= Q; — Kia/H, — H, lgﬂﬂ
dH ]
Azd_::Klzv'Hl_HZ_KZ\fHZ q:’/:?ﬂ‘m j
-——H-+h
Lineariza(;ﬁo Tanque 1 Tanque 2
df & Ky K
e X == - X c Q 2
f(X) f(X) + dx “ (X X) Moio- »_Qﬁ-:m;"* Hl e

X
JE:E+2JEh2
JH—-H, =+VA = ﬁ+z—ji(a—3)

1 — —
=+H;—H, +ﬁ——ﬁ—'(H1—H2—H1+H2)

v 12

T 1
= /H — Hy + ———(h, — hy)
1 2 N : il
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%ﬂibﬁ' |
\-_ Reservatorio
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Balanco de vazao massica — Fluxo Turbulento

dH, /_\llé‘”fr
A1E=QE-K12M /}ﬁ/{i&% /
Azd_f=K12vH1 — H, _KZ\/H_Z aa

Tanque I Tanque 2

dh L, B K
A, 2= B 12 (h. —h
1 4¢ zm( 1 2)
dh K K
A, =2 )+ —=—(h,—h "".‘ =_h
2 4t > HI—HZ( 1 2) ZJH—E 2

dh K — I—— —
Ald_;=Qi_ﬁ(h1_h2) Q = Ky, H, —H; = K3\ H,

dh, Kq> _ K,
2 dt zm(hl hZ) 2 Hz hz
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Modelo linearizado

dh1 -

A — —=(,— ah, + ah,
4,52 = ahy — (@ + b)h,
Ki2 1 K;
a b=

Transformada de Laplace

AisHy(s) = Qi(s) — aHy(s) + aH,(s)
A;sHy(8) = aHy(s) — (a + b)H,(s)

(A1s +a)H(s) - aHy(s) = Q;i(s)
-aH,(s)+ (A;s +a+b)H,(s)=0

A13+a Q;(s)
i 0
HZ(S) - |A15+a —a
A;s+a+b

/—}i Q +4,
m’/_,_.i H+h j
~——1H+h
Tangue 1 Tangue 2
Ky, K,
. :%ﬂ lQﬂi:
Moto- >
Bomba O+q
\_ Reservatorio

| Has) = a
| Qi(s) AjA;s%+(Aza+A4(a+b))s+ab

Haes) _ 1/Ry
i R14+R2 1
Ql(s) A]_Azs +(A2,fR1+A1 R1R> ))S:RIRZ
Hais) _ Rz

Qi(s) B A1A2R1Ry52+(A3R;+A1R1 1 A1R))s+1
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Resposta no tempo em pequenos sinais:

Hy(s) - a =
Qi(s) A;A,s2+(Aa+A (a+b))s+ab /,}le
m/iO_HHh J@
= K12 -b . Kz s ih
- — ] - — Tangue 1 Tanque 2
2 Hl - Hz 21/H2 Ky K,
—&j_ _1_‘%:' O+q,
Moto- —> ]l *
Bomba O+,
i 2 Reservatorio |

Exemplo:
02K p=1,K=2;4,=1,4,=2;
Obtem-se os niveis H, = (%)% =1. H, = (-2 + 1 =5;
K> K12
1
a=Z;b= 1; 2s2+ (Ba+b)s+ab

= 252+ 1,75s + 0,25

=> y(t) = KU + Kle—t/0,6952 & Kze_t/0’1798
Modo dominante: K,e~t/0:6952

(o mais lento)
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Parametros (Proc. LARA)

% Parametros do Processo
% cm2 — secéo transversal dos tanques

Ar=6%25.4;
k12=38;
k2=11.5;
hmax=16.5;
gmax=90;
gmin=-85;
qb=25.7148;

0+,

% valvula entre tanques

% parametro do furo do tanque de saida

% altura maxima (ladrao)

% vazao maxima da bomba +
% vazao maxima da bomba -
% vazao que produz H2b=5cm

Tanque 1 Tanque 2
R1 R2
=D j%j
O+q,
Reservatorio

nivel
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0.7

0.4

0.3

0.2

0.1

Resposta de pequenos sinais ao degrau unitario x pontos de operacaoo

---------------- I S R S Bt s
m— H2h=4cm
H2bcm=8cm ==
m H2h=120m
— H2b=16cm | |
System: H2b=4cm Il
B Time (seconds): 230 1
_________________ Amplitude: 0.313
L | |
| | | | |
200 400 600 800 1000

tempo/[s] (seconds)

1200
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Simulacao
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Simulacao
- Pequenos Sinais?

Amplitude de Q quadrada =1
T T T

6 T T

H2 nao linear
h2 linearizado + PO

nivel/cm]

D)

<—
S

° ) A/O H
i +h
—re
45 1 | 1 1 | | 1 1 |
0 100 200 300 400 500 600 700 800 200 1000 Tanque I Tanque 2
tempo/[s] Ry Ry
Amplitude de Q quadrada = 20 :ﬁzﬁ O+q,
1 5 T T T T T T T T MOtO- 7_>
H2 nao linear - Bomba Q+q1

10 | h2 linearizado + PO 1 ‘ ‘
. \ Reservatorio
S
[&]
= 5 .
[45]
=
-

0 - —
_5 1 | 1 1 | | 1 1 |
0] 100 200 300 400 500 600 700 800 200 1000

tempo/[s]
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Simulacao - Nao Linearidades

40 T T T T T
H2 nao linear
— h2 linearizado + PO | _|
= N
2, -
@ O+gq,
= i
= | ﬂl:l/@
i +h )
B ~——{H+h
10 . 4 g q . Tanque 1 Tanque 2
0] 500 1000 1500 2000 2500 3000 R R,
tempo/[s] 0+
. I b
Moto- > l
120 %mba O+q,
T T T T T
U nao linear ‘ \ Reservatorio 4&’
100 —— u linearizado |

0 1 1 1 1 1
0] 500 1000 1500 2000 2500 3000

tempo/[s]
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Video

TG 2008 — LARA/ENE/UNnB
- Adriano Peixoto Ramos

- Gabriel Lula Barros Wense

Sistema Didatico de Nivel de Liquidos

http://www.ene.unb.br/adolfo/Lectures/CSD/Lig2.avi
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Simulacao:

H1, H2 - ndo linear h2+H2b - linearizado

{1 S A s B

—H
H2

ho+H2b | |

| =

0 | | | | | |

0 100 200 300 400

500
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600

/ H2b=1m; h2=+-05m
|t 480s 540s
. Lin: 15
nLin: 1,562 /
I — e% -4,13% _éiéif
1.1 ‘.__ T
1.05
'f t 480 s
Lin: 1.1
0%y nLin: 1,102
e% -0,18%
09 | 1 |

420

Pequenos sinais!!

440

460 480 500 540

' '620
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