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Abstract— Within robotic-aided laparoscopy, one important
research topic concerns the teleoperation of open chain serial
link manipulators. As opposed to specialized surgical robots, a
serial robot might be used for different procedures with small
changes on the setup, lowering the involved costs and possibly
increasing the acceptance of robotic systems in clinical settings.
However, such robots do not present kinematic constraints
that guarantee that the tool movements are projected on the
pivoting point defined by the incision (RCM). In such scenario,
the RCM must be assured by software. This paper presents
a novel control strategy for laparoscopic tools attached to
robotic manipulators that makes use of a programmable RCM.
The tool movement references are generated intuitively by the
surgeon, while the RCM is maintained by software using a dual
quaternion-based kinematic controller. The method is evaluated
in a simulated surgical environment and presented satisfactory
results, both in terms of RCM control, tool positioning, and
good performance under human operation.

I. INTRODUCTION

Minimally Invasive Surgery (MIS), is an operation tech-
nique based on the access via several small incisions in the
patient’s body, being consequently less invasive than open
surgery used for the same purpose. MIS interventions are
significantly becoming the preferred approach since they
offer outstanding advantages like less pain, smaller scars and
faster recovery time [1].

One of the main difficulties in MIS is that the endoscope
is manipulated by an assistant instead of by the main surgeon
himself, therefore the main surgeon’s hand-eye coordination
is disturbed. Also, the incision acts as a pivoting point
causing the instruments movements to be reduced from 6
to 4 degrees of freedom (DOF). Consequently, the surgeon
hand movements about the incision are mirrored and scaled
relative to the instrument tip. In addition, tactile information
is lost for tissue manipulation since there is no direct contact
between the tissue and the surgeon’s hands. As a result,
MIS procedures have a long learning curve for the physician
and hinder the use of MIS techniques in complex surgical
tasks because of longer procedure times, more difficult
manipulation of instruments and torturous ergonomics [2].

A. Related Work

The goal of surgical robotics is not to replace surgeons
with robots, but to provide versatile tools that may ex-
tended their ability to treat patients [3]. In this light, many
robotic devices have been proposed to overcome some of
the mentioned disadvantages and allow the development of
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more complex MIS procedures. In the laparoscopy scenario,
surgical robots have to generate a Remote Center of Motion
(RCM) that should coincide with the pivoting point on the
patient. Such robots are usually divided in two categories:
specialized and general purpose. Specialized robots such as
the most known Da Vinci and many others [4], generate the
RCM mechanically for the safety it provides. However, they
have the disadvantage of being high cost and have restricted
use to the specific application they have been developed for.
On the other hand, cheaper general purpose robots, such as
serial link manipulators, can also be used in laparoscopy if
the RCM is properly generated by software. As this category
evolves to share the same level of safety as the other, it may
provide not only pivot flexibility but increased versatility.
Hence, software RCM control has been the subject many
recent works [5]–[7]. In this paper, we also focus on this
category of RCM generation.

One of the interesting characteristics of the procedures
in MIS is that they only cover small distances and must
be performed slowly. Combining this fact with the use of
serial link manipulators, we are able to bring the advances
of kinematic control to the robotic MIS development. Recent
works synthesize an interesting update to kinematic control
in recent years: the use of the unit dual quaternion framework
to represent rigid motions without the singularity issues of
other minimal representations [8], [9]. Among its advantages,
this representation allows a straightforward way to obtain
geometric parameters, resulting in a more intuitive derivation
controllers and path planners.

Despite the existence of many works focusing on the
use of serial link manipulators in robotic laparoscopy, many
of the controllers are case dependent and cannot be easily
extended to the general manipulator [10]–[12]. Using task-
priority resolutions and an elegant Jacobian devised specif-
ically to the RCM generation, Azimian et al [7] created a
controller for the general case.

Although being able to maintain the RCM error negligible,
their controller showed considerable tool-tip deviation from
the desired path. This is a severe issue when considering
MIS applications, as it means the tool may sometimes move
in an arbitrary direction inside the patient’s body. Another
issue is that the rotation of the tool around the axis of the
trocar is not specified as a reference, being arbitrary chosen
by matrix inversions in the controller.

B. Proposed work

In this work we propose a kinematic controller in the
unit dual quaternion space for controlling an endoscope in



laparoscopic procedures. The choice of the dual quaternion
framework justifies by the fact that it is a compact mathe-
matical tool that presents many advantages in the point of
view of feedback control. The definition of both position
and orientation in a common vector simplifies the design
of the controller and avoids the computation of complex
transformations to obtain the orientation error. Since this
formulation relies on the use of quaternions, it is also non
singular, unlike other representations based on sequence of
angle rotations (e.g., Euler angles, Roll-Pitch-Yaw).

The proposed controller receives simple references from a
haptic device and generates the RCM with negligible error,
while evading singularities using task-priority. In addition,
our method is not model dependent, being applicable to
any general case manipulator. To the best of the authors’
knowledge, this is the first controller to encircle all those
characteristics.

Finally, a last issue commonly neglected by other works
is the generation of references for the laparoscopy con-
trollers. This subject is usually left unnoticed, but surgeons
usually have strong expectations about system easiness and
performance, while presenting low tolerance for interfaces
that impede their work. Hence, we propose a controller that
is able to receive simple movement references from the
surgeon such as up-down, right-left, in-out commands, and
transparently transform them in tool tip displacements, while
dealing with the RCM restriction and mirrored movements
internally.

II. MATHEMATICAL BACKGROUND

We begin by recalling dual quaternions and their basic
algebra when representing rigid transformations to establish
the notation used in this work, followed by a brief review of
existing work in the kinematic control of robotic manipula-
tors.

A. Dual Quaternions

The dual quaternions are the basic building blocks of the
kinematic control theory implemented in this work. We begin
by defining ı̂, ̂ and k̂ as the three imaginary components of
a quaternion such that ı̂2 = ̂2 = k̂2 = −1 and ı̂̂k̂ = −1.

Hence, a general quaternion x is given by

x = q1 + q2 ı̂+ q3̂+ q4k̂,

and its conjugate is defined as x∗ , q1 − q2 ı̂− q3̂− q4k̂.
The norm of a quaternion x is ‖ x ‖=

√
xx∗. An arbitrary

rotation of a rigid body by an angle θ around an axis n =
nx ı̂+ ny ̂+ nz k̂ is represented by the unit norm quaternion

r = cos

(
θ

2

)
+ n sin

(
θ

2

)
.

A translation described by t = tx ı̂ + ty ̂ + tz k̂ can be
associated to a rotation r in order to represent the complete
rigid motion. This is represented by the unit dual quaternion

x = r + ε
1

2
tr,

and its conjugate is defined as x∗ , r∗ + ε( 1
2tr)∗; where ε

is nilpotent; i.e., ε 6= 0 but ε2 = 0. The translator operator
obtains the translation quaternion from the dual quaternion,
that is translation(x) = t.

The P operator returns a quaternion that represents the
pure part of a dual quaternion x, that is P (x) , r. On the
other hand, the D operator returns a quaternion that stands
for the dual part of a dual quaternion x, meaning D(x) ,
1
2tr. The logarithm of x is logx , θn

2 + ε t2 , while the
exponential of x is

expx , P (expx) + εD(x)P (expx)

P (expx) , cos ‖ P (x) ‖ +
sin ‖ P (x) ‖
‖ P (x) ‖

P (x),

if ‖ P (x) ‖6= 0; otherwise P (expx) , 1.
The vec operator maps a given dual quaternion x into an

eight-dimensional column vector; i.e.,

vec(x) ,
[
q1 q2 q3 q4 q5 q6 q7 q8

]T
.

B. Kinematic Control

The forward kinematics model of a manipulator robot can
be easily obtained from the Denavit-Hartenberg parameters
directly in dual quaternion space [8]. However, a closed-
form solution for the inverse kinematics does not exist for the
general case. In order to overcome this limitation, we use the
mapping between the manipulator joint velocities θ̇ ∈ Rn×1
and the generalized end-effector velocity vec ẋeff ∈ R8×1

given by
vec ẋeff = Jθ̇, (1)

where J ∈ R8×n is called the manipulator analytical Ja-
cobian [13] and depends on the current robot posture. As
(1) is a simple linear mapping, it is common practice to
invert the Jacobian and use it in closed loop controllers that
exponentially reduce the error between the current pose xeff
and the desired pose xd

θ̇ = KJinv vec(xeff − xd), (2)

with a positive definite K that affects the rate of convergence.
Some research has been done in devising controllers directly
in dual quaternion space starting from (2), branching to
cooperative manipulation frameworks [8] and a H∞ control
design [9]. One very interesting result of [9] is the introduc-
tion of a transformation invariant error metrics. Modifying
(2) to use such error metrics results in

θ̇ = KNinv vec(1− x∗effxd), (3)

in which N = H̄(xd)C8J, H̄(xd) is the Hamilton operator
[14] of xd, and C8 = diag(1,−1,−1,−1, 1,−1,−1,−1).
Another interesting fact is that regular kinematic control
strategies can be applied on (3) with minor modifications,
in order to solve the known problems concerning task-space
singularities and redundancy.

In the neighborhood of a task-space singularity, J and N
become ill conditioned, which results in high values for the
joint velocities when the Moore-Penrose pseudoinverse is



directly applied. For this reason, earlier works summarized
in [15] suggest the use of damped pseudoinverses, allowing
a trade-off between end effector pose tracking error and
maximum joint velocities norm near singular configurations.

In medical procedures, however, neither tracking error nor
high joint velocities are acceptable. In this light, we use
the Moore-Penrose pseudoinverse of the Jacobian–denoted
by J† or N†–and use the manipulator redundancy to avoid
singularities and their effects.

Manipulator redundancy is the existence of more degrees
of freedom in the manipulator than the necessary to perform
a given task, which allows the controller to use those extra
degrees of freedom in the execution of secondary tasks. This
is usually performed by projecting a secondary objective
function of the joint variables c(θ) in the nullspace of the
primary task [16]. By doing so, (3) becomes

θ̇ = KN† vec(1− x∗effxd) + PKcJc(c(θ)− cd), (4)

where P = (I − NN†) is a nullspace projector in which
I is the identity matrix, Kc is a positive definite gain
matrix for the secondary objective, and Jc = ∂c(θ)

∂θ is the
constraint Jacobian. Also, cd is the desired value for the
secondary objective function. By using (4), we will have the
convergence c(θ) = cd as long as the secondary objective
does not conflict with the first [15].

Our interest is to use a suitable c(θ) so that (4) evades
singularities. For that purpose, there are some functions
described in the literature [17], [18]. It is not important which
technique is chosen as long as it is well tuned to evade
kinematic singularities.

III. REMOTE CENTER OF MOTION CAMERA
CONTROLLER

In laparoscopic procedures, the surgical instrument must
be inserted through the trocar into the patients body. The
trocar constraints the movement of the surgical instrument
to 4 degrees of freedom, as shown in Fig. 1.

At the beginning of the procedure, the endoscope is
inserted manually into the patient. After manual setup, the
point on the endoscope coincident with the same translation
as the trocar will be considered the end effector with initial
pose xd(0) as shown in Figure 1. Its z-axis given by the
endoscope shaft. This choice of end effector will allow an
easy derivation of the controller.

xd(k)

xd(0) = RCM

4 DOF
constraint

y
x

z

Fig. 1: The RCM constraint and initial positioning.

A. Reference generation

In order to move an endoscope camera intuitively, all
motion should be performed with respect to its image point-
of-view. For this purpose, at each instant k we acquire a left-
right rotation rα(k), an up-down rotation rβ(k), an “around-
itself” rotation rγ(k), and an in-out translation along the
endoscope axis tz(k); all of them with respect to the initial
pose of the end effector xd(0) which is the same as the RCM.
Then, we define the end effector desired pose

xd(k) = xd(0)rα(k)rβ(k)rγ(k)(1 + ε
1

2
tz(k)). (5)

By using (5), it is easy to see that all xd(k) respect the RCM
constraint while moving the camera according to the control
references.

B. Kinematic controller

As neither RCM generation errors nor endoscope posi-
tioning errors are acceptable, both objectives should have
the same priority in the kinematic control loop. In order to
prevent unacceptable large velocities near singularities, the
secondary task should evade them.

For this purpose, we use the references (5) to assure the
RCM point and reposition the endoscope with the same
priority. Those references are sent to the discrete time
implementation of (4)

θ(k + 1) = θ(k) + KN† vec(1− x∗eff(k)xd(k))

+ PKcJc(c(θ)− cd), (6)

with a c(θ) for singularity evasion, such as [17], [18].

C. Unit dual quaternion path planner

Between two sequential references xd(l) and xd(l + 1),
there is no guarantee that any intermediary pose of the
endoscope will keep the RCM by only using (5) as input
for (6). This becomes more evident when xd(l) is far from
xd(l+ 1). The solution is to interpolate xd(l) and xd(l+ 1)
with N ∈ N− {0} points that also generate the RCM.

Consider then that the interpolation is made in an instance
l, in which we store x(l), the end effector pose at instant l,
and xd(l), the desired end effector pose at instant l. They
will be, respectively, the beginning and ending poses in
our interpolation. Then, we need to obtain the constrained
description of x(l) as if it was given by (5). That is, the
rotation rlrcm and the constrained translation tlrcm so that
xrcmr

l
rcmt

l
rcm equals x(l). For that purpose, we note that

x(l) = xrcmx
l
rcm, (7)

for some xlrcm that describes the motion from xrcm to x(l).
From (7), we can obtain rlrcm by noticing

xlrcm =x∗rcmx(l)

∴ rlrcm =P(x∗rcmx(l)). (8)

With (8), we can obtain the translation from the RCM to
x(l) as given by

tlrcm =translation((xlrcmr
l
rcm)∗x(l)).



Due to the RCM constraint, tlrcm can only be a translation in
the z-axis. However, numerical and kinematic inaccuracies
may cause it to be some

tlrcm = tx ı̂+ ty ̂+ tz k̂,

with tx 6= 0 and ty 6= 0. To correctly interpolate points
between two poses that maintain the RCM constraint, we
need the starting and ending poses to also keep the constraint.
So, instead of using x(l) as-is, we force tx = ty = 0 to
obtain

tlrcm = tz k̂ =⇒ tlrcm = (1 +
1

2
εtz k̂).

We then define x
′
(l) = xrcmr

l
rcmt

l
rcm, which it is x(l) shifted

in space so that its z-axis coincides with the RCM point.
In the case of xd(l), we can use (5) to see that

rdrcm = rx(l)ry(l)rz(l) and tdrcm = translation(tz(l)).

Now that the descriptions the rotations and constrained
translation of x

′
(l) and xd(l) were found in relation to the

RCM, we then find the intermediary points between them.
To find the incremental rotation, we begin by decomposing

the relative rotation between initial and final rotations into
N + 1 equal partial rotations rinc. By accumulating those
N + 1 rotations we go from the current rotation rlrcm to rdrcm,
that is

rlrcm(rinc)
N+1 = rdrcm =⇒ (rinc)

N+1 = (rlrcm)∗rdrcm,

then we can use the log operator to obtain rinc

(N + 1) log(rinc) = log((rlrcm)∗rdrcm)

∴ rinc = exp(
1

N + 1
log((rlrcm)∗rdrcm)). (9)

And the incremental translation in the z-axis is simply given
by

tinc =

(
1

N + 1

)
(tdrcm − tlrcm). (10)

Therefore, at each interpolation step m ∈ N in the interval
[1, N + 1], we compose both (9) and (10) to obtain

c(i) = rlrcmr
{m}
inc (1 +

1

2
ε(tlrcm + t

{m}
inc )), (11)

so that the interpolated path is given by

x
′
(l) = xrcmc(0)→ · · · → xrcmc(N + 1) = xd(l).

IV. EXPERIMENTAL EVALUATION

A. Validating the controller

To validate the control strategy and verify its flexibility,
we performed computational simulations with two differ-
ent commercial robots: a Schunk manipulator and a Meka
antropomorfic arm. The Schunk LWA3 is a 7DOF ma-
nipulator arm with modular architecture, built by Schunk
GmbH. The Meka A2 arm, on its turn, is a 7DOF compliant
manipulator which is part of the Mekabot Humanoid robot.
It is manufactured by Meka Robotics LLC and is a human
safe product, intended to be used in cooperative robotics.

RCM

(a) Schunk

RCM

(b) Meka

Fig. 2: Simulations with a conical helix trajectory tracking.
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Fig. 3: Errors for both Schunk (solid) and Meka (dashed).

In the simulations, a laparoscopic tool was considered to
be attached to the end effector of the robots. A predefined
conical helix path is given as reference to the tool tip position
and the same kinematic controller presented in Section III-B
is used to control both manipulators, changing only the robot
DH parameters accordingly.

Figure 2 shows the tool tip trajectory for both robots. Even
though the two robotic platforms have very distinct design
and kinematic models, they both behaved as expected and
our proposed controller was able to track the desired path
while keeping the RCM pivot constraint as shown in Fig. 3.

The first plot shows the tool tip position error when
following the desired trajectory, while the second plot shows
the deviation of the tool from the initial RCM point. The
obtained error values are negligible during the whole proce-
dure, especially those for the RCM point, which are smaller
than 0.05 mm.



(a)

(b) (c)

(d) (e)

Fig. 4: Relevant camera views. (a) Initial camera position,
(b) 1st, (c) 2nd, (d) 3rd, and (e) last objectives.

B. Validating the reference generation

After the initial validation through the helix path tracking,
we performed experiments with 20 subjects1 with no prior
medical training. They had to operate an endoscope during
a surgical task in a simulated environment.

The subjects used the translational degrees of freedom
of an Omega 7 haptics interface to move the camera. The
deviations around the initial translation were transformed
into (tz ,rα,rβ) and used in (5). As the device has force
feedback only on the translational degrees of freedom, this
choice allowed us to add a viscosity parameter in the hand
movement, both reducing hand tremor and helping slowing
the users’ movements.

The initial camera view is shown in Fig. 4a, with colored
spheres of same radius positioned in the corners of a 5× 5
cm square. The user should move around the environment
to find the position at which the camera would show the
same images and in the same order as Fig. 4b-4e; in the
shortest time possible, while avoiding collision with the big
obstacle sphere positioned between objectives 2 and 3. When
the camera position was within a 1 mm tolerance from the
current target, the objective was considered reached and the
user should move to the next target. Such small tolerance
was selected to increase the difficulty of the task, for a more
reliable evaluation of the control system. The experimental
setup is shown in Fig. 5. The constants of the kinematic
controller (6) were selected as K = 60.0, Kc = 7, and
cd = 1; to allow both stability and good responsiveness. The
objective function c(θ) was selected as in [17].

The experimental evaluation process was threefold. First,
before each user started the experiment, questions were asked
to quantify his previous knowledge concerning laparoscopic
procedures, surgical simulators and haptic/game interfaces.
Those with no experience in such systems were given two
minutes to interact with the experimental setup, while the
others had no prior training before executing the task. The
goal of this practicing phase was to investigate the learning
curve and intuitiveness of the proposed control approach by
comparing a novice group with a more experienced group
that already had familiarity with similar systems.

Secondly, during the execution of the task, we stored data
regarding the desired end effector tracking error, the distance

1See provided video for a trial example

Fig. 5: Subject 18 performing the experiment.

TABLE I: Performance results for 20 trials.

End Effector RMS Error [mm] 0.3398± 0.0163

RCM RMS Error [mm] 0.00710± 0.00706

Minimal Distance to Obstacle [mm] 12.52± 5.03

Completion Time [s] 68.03± 30.58

to the obstacle sphere, the RCM error, and the instant each
target was reached for all 20 trials. This information was
later analyzed for performance evaluation purposes.

Lastly, at the end of the exercise, we asked each subject to
evaluate its ease (1 = very difficult, 2 = difficult, 3 = easy, 4 =
very easy ) and how well he considered his hand movements
were translated into camera movements (1 = very bad, 2 =
bad, 3 = good, 4 = very good) so that we could qualify the
user interaction with the system.

In relation to the system intuitiveness and learning curve,
we observed that even with only a few minutes of training,
the novice users already presented a similar performance
when compared to users from the experts group. All test
subjects were able to successfully finish the exercise with a
reasonable completion time, having an average of 68.03 s
and standard deviation of 30.58 s. The trainees completed
the task within 84 seconds in average, while the others took
52 seconds. Also, all users from both groups were able to
correctly avoid the obstacle during the test.

With respect to the controller performance and considering
all 20 subjects from both groups, the average performance
(mean ± standard deviation) is shown in Table I. The RCM
error was kept below 0.37 mm in all experiments, while the
end effector positioning error was no bigger than 4.82 mm.
The resulting end effector tracking error, RCM error, and
performed trajectory in one of the trials are illustrated in
Fig. 6, and 7 respectively.

Regarding their interaction with the system, the users
evaluated how well the system performed their intended
movements with an average of 3.68 points (between good
and very good). The most common complaint was the lack of
depth perception caused by the flat image of the endoscope.
Even so, no subject collided the endoscope with the obstacle.
As a result of the system ease of use, the users gave an
average of 3.11 points (between easy and very easy) in the
task ease scale, even with the small camera position tolerance
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and the lack of depth perception they themselves observed.

V. CONCLUSIONS AND FUTURE WORK

In this work, we presented a novel intuitive algorithm for
robotic control of laparoscopic tools using programmable
RCM. Our method is based on the dual quaternion frame-
work which has strong advantages over other kinematic
control strategies, such as non-singular representations, more
intuitive control laws, control signals obtained directly from
the end effector representation, and less expensive computa-
tions when compared to homogeneous matrices.

The proposed control strategy is flexible and can be used
to different setups with open chain serial link manipulators
without significant changes in the algorithms. The controller
is also designed to minimize undesirable effects found in
previous methods, such as large end effector tracking errors
and unrestricted rotations of the tool around its axis.

In order to validate the proposed system, two experiments
were performed. First, we used simulations based on two
robot models (Schunk LWA3 and Mekabot A2 compliant
arm) and controlled them to follow an helical tool tip
trajectory. Afterward, the simulated robot was inserted into
a 3D environment emulating a surgical task, and coupled
with a haptic interface. Twenty subjects participated on tests
based on this setup to evaluate the system performance and
intuitiveness. The results presented on this paper show that
not only the controller can track trajectories with negligible
positioning and RCM errors, but also that it can provide
effective performance under human control, with a user-
friendly and natural operation.

In future works, we intend to evaluate the controller with
physicians with different levels of expertise in laparoscopic
surgery. Further studies will also focus on the development of
an improved singularity avoidance algorithm, and the imple-
mentation of the proposed method in a physical experimental
setup including a real A2 Meka compliant arm.
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