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Fourier Series

Fourier Series

Analysis

f (t) =
∞∑

n=−∞
cne

j 2πnt
T

Synthesis

cn =
1

T

∫ T/2

−T/2
f (t)e−j

2πnt
T dt
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1D Fourier Transformada

Continuous Fourier Transform

Analysis

F {f (t)} = F (µ) =

∫ ∞
−∞

f (t)e−j2πµtdt

Synthesis

f (t) =

∫ ∞
−∞

F (µ)e j2πµtdµ
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1D Continuous Fourier Transformada

Ex 1: Calculate the FT of f (t)

f (t) =

{
0 if |t| >W /2
A if |t| ≤W /2

F (µ) =

∫ ∞
−∞

f (t)e−j2πµtdt =

∫ W /2

−W /2
Ae−j2πµtdt

=
−A
j2πµ

[
e−j2πµt

]W /2

W /2
=
−A
j2πµ

[
e−jπµW − e jπµW

]
= AW

sin(πµW )

πµW
= AW sinc(µW )
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1D Continuous Fourier Transformada

Ex 2: Calculate the FT of f (t) = δ(t)

F (µ) =

∫ ∞
−∞

f (t)e−j2πµtdt

=

∫ ∞
−∞

δ(t)e−j2πµtdt = e−j2πµ0 = 1

Ex 3: Calculate the FT of f (t) = δ(t − t0)

F (µ) =

∫ ∞
−∞

f (t)e−j2πµtdt

=

∫ ∞
−∞

δ(t − t0)e−j2πµtdt = e−j2πµt0

= cos(2πµt0)− j sin(2πµt0)
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1D Continuous Fourier Transformada

Ex 4: Calculate the FT of a train of impulses�� ��s∆T (t) =
∑∞

n=−∞ δ(t − n∆T )
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1D Continuous Fourier Transformada

F {f (t)} = F (µ) =

∫ ∞
−∞

f (t)e−j2πµtdt

f (t) =

∫ ∞
−∞

F (µ)e j2πµtdµ

Symmetry Property

f (t)→ F (µ)

F (t)→ f (−µ)

Given that:
δ(t − t0)→ e−j2πt0t

we have:
e−j2πt0t → δ(−µ− t0)

making −t0 = a
e j2πat → δ(−µ+ a) = δ(µ− a)
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1D Continuous Fourier Transformada

Ex 4: Given that s∆T (t) =
∑∞

n=−∞ δ(t − n∆T ) is a periodic signal, we
can express the train of impulses using a Fourier Series:

s∆T =
∞∑

n=−∞
cne

j 2πn
∆T

t

where

cn =
1

∆T

∫ ∆T/2

−∆T/2
s∆T (t)e−j

πnt
∆T dt

=
1

∆T

∫ ∆T/2

−∆T/2
δ(t)e−j

πnt
∆T dt

=
1

∆T
eO =

1

∆T

s∆T =
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t
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1D Continuous Fourier Transformada

Ex 4:

F {s∆T} = F

{
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t

}

F
{
e j

2πn
∆T

t
}

= δ
(
µ− n

∆T

)

F {s∆T} = S(µ) = F

{
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t

}
=

1

∆T
F

{ ∞∑
n=−∞

e j
2πn
∆T

t

}

=
1

∆T

∞∑
n=−∞

δ
(
µ− n

∆T

)
Another train of impulses!

Mylène Farias (ENE-UnB) IP 21 de Março de 2017 11 / 107



1D Continuous Fourier Transformada

Ex 4:

F {s∆T} = F

{
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t

}

F
{
e j

2πn
∆T

t
}

= δ
(
µ− n

∆T

)

F {s∆T} = S(µ) = F

{
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t

}
=

1

∆T
F

{ ∞∑
n=−∞

e j
2πn
∆T

t

}

=
1

∆T

∞∑
n=−∞

δ
(
µ− n

∆T

)

Another train of impulses!

Mylène Farias (ENE-UnB) IP 21 de Março de 2017 11 / 107



1D Continuous Fourier Transformada

Ex 4:

F {s∆T} = F

{
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t

}

F
{
e j

2πn
∆T

t
}

= δ
(
µ− n

∆T

)

F {s∆T} = S(µ) = F

{
1

∆T

∞∑
n=−∞

e j
2πn
∆T

t

}
=

1

∆T
F

{ ∞∑
n=−∞

e j
2πn
∆T

t

}

=
1

∆T

∞∑
n=−∞

δ
(
µ− n

∆T

)
Another train of impulses!

Mylène Farias (ENE-UnB) IP 21 de Março de 2017 11 / 107



Sampling
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Sampling

Sampled signal:

f̃ (t) = f (t) · s∆T (t)

=
∞∑

n=−∞
f (t)δ(t − n∆T )

fk =

∫ ∞
−∞

f (t)δ(t − k∆T )dt

= f (k∆T )
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Sampling

Taking the Fourier Transform of the sampled signal:

f̃ (t) = f (t) · s∆T (t)

fk =

∫ ∞
−∞

f (t)δ(t − k∆T )dt

F
{
f̃ (t)

}
= F̃ (µ) = F {f (t) · s∆T (t)}

= F (µ) ∗ S(µ)

One more property: The FT of the convolution
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Sampling

f (t) ∗ h(t) =

∫ ∞
−∞

f (τ)h(t − τ)dτ

F {f (t) ∗ h(t)} =

∫ ∞
−∞

[∫ ∞
−∞

f (τ)h(t − τ)dτ

]
e−j2πµtdt

=

∫ ∞
−∞

f (τ)

[∫ ∞
−∞

h(t − τ)e−j2πµtdt

]
dτ

F {h(t)} = H(µ)

F {h(t − t0)} =

∫ ∞
−∞

h(t − τ)e−j2πµtdt =

∫ ∞
−∞

h(t1)e−j2πµ(t1+τ)dt1

= e−j2πµτ
∫ ∞
−∞

h(t1)e−j2πµt1)dt1

= H(µ)e−j2πµτ
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Sampling

F {f (t) ∗ h(t)} =

∫ ∞
−∞

[∫ ∞
−∞

f (τ)h(t − τ)dτ

]
e−j2πµtdt

=

∫ ∞
−∞

f (τ)

[∫ ∞
−∞

h(t − τ)e−j2πutdt

]
dτ

F {h(t − t0)} = H(µ)e−j2πµτ

F {f (t) ∗ h(t)} =

∫ ∞
−∞

f (τ)
[
H(µ)e−j2πµτ

]
dτ

= H(µ)

∫ ∞
−∞

f (τ)e−j2πµτdτ = H(µ)F (µ)
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Properties of the Fourier Transform

Convolution

f (t) ∗ h(t)→ F (µ)H(µ)

Modulation

f (t) · h(t)→ F (µ) ∗ H(µ)
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Sampling

F̃ (µ) = F
{
f̃ (t)

}
= F̃ (µ) = F {f (t) · s∆T (t)}

= F (µ) ∗ F {s∆T (t)} = F (µ) ∗ S(µ)

S(µ) =
1

∆T

∞∑
n=−∞

δ
(
µ− n

∆T

)

F̃ (µ) = F (µ) ∗ S(µ) =

∫ ∞
−∞

F (τ)S(µ− τ)dτ

=
1

∆T

∫ ∞
−∞

F (τ)
∞∑

n=−∞
δ
(
µ− τ − n

∆T

)
dτ
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Sampling

F̃ (µ) = F (µ) ∗ S(µ) =

∫ ∞
−∞

F (τ)S(µ− τ)dτ

=
1

∆T

∫ ∞
−∞

F (τ)
∞∑

n=−∞
δ
(
µ− τ − n

∆T

)
dτ

=
1

∆T

∞∑
n=−∞

∫ ∞
−∞

F (τ)δ
(
µ− τ − n

∆T

)
dτ

=
1

∆T

∞∑
n=−∞

F
(
µ− n

∆T

)

The FT F̃ (µ) of the sampled signal f̃ (t):

sequence (peridical and infinite) of shifted copies of F (µ);

the separation between the shifted copies is 1
∆T ;

continuous function (F (µ).
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Sampling
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Sampling

1
∆T is the sampling rate
used to generate the discrete
signal;

From the spectrum, what
value of 1

∆T :

big enough;
sufficient;
too small.

What is the minimum
distance?
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Sampling Theorem

Assuming that a signal f (t) have a Fourier Transform with zero values
outside the interval [−µmax , µmax ], i.e., a signal with a limited bandwidth.
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Sampling Theorem

What conditions must be satisfied for the sinal to be recovered without
major problems? (without the superposition of the signal)
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Sampling Theorem

1

∆T
> 2µmax = fs

Nyquist rate – Sampling Theorem
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Sampling Theorem

How to recover the signal?

Consider a signal h(t), whose Fourier
transform is given by:

H(µ) =

{
∆T if−umax ≤ µ ≤ µmax

0 otherwise

When we multiply a periodic sequence by the function:

F (µ) = H(µ)F̃ (µ)

Then, we obtain f (t) by taking the inverse Fourier Transform of F (µ)

f (t) =

∫ ∞
−∞

F (µ)e j2πµtdµ
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Sampling Theorem

Low-Pass Filter:

H(µ) =

{
∆T if−umax ≤ µ ≤ µmax

0 otherwise
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Sampling Theorem

What happens when the Nyquist rate is not respected?

�� ��ALIAS!
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Sampling Theorem

Alias cannot be avoided ... Even if the signal is limited in band ...

hp(t) =

{
1 if0 ≤ t ≤ T
0 otherwise

The convolution of hp(t) and f (t) generates a signal with infinite
frequencies;
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Sampling Theorem

f (t) =

∫ ∞
−∞

F (µ)e j2πµtdµ

=

∫ ∞
−∞

(
H(µ)F̃ (µ)

)
e j2πµtdµ

= h(t) ∗ f̃ (t)

as

f̃ (t) = f (t)s∆T (t) =
∞∑

n=−∞
f (t)δ(t − n∆T )

f (t) =
∞∑
−∞

f (n∆T )sinc [(t − n∆T )/n∆T ]
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Discrete Fourier Transform

A TF de um sinal de um sinal amostrado e limitado em banda, se
extende no tempo de −∞ a ∞ e é uma função cont́ınua e periódica;

Na prática, devemos ter um número finito de amostras;

E uma transformada adequada.

F̃ (µ) =

∫ ∞
−∞

f̃ (t)e−j2πµtdµ

=

∫ ∞
−∞

∞∑
n=−∞

f (t)δ(t − n∆T )e−j2πµtdµ

=
∞∑

n=−∞

∫ ∞
−∞

f (t)δ(t − n∆T )e−j2πµtdµ

=
∞∑

n=−∞
fne
−j2πµn∆T
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Discrete Fourier Transform

Como F̃ (µ) é cont́ınuo e periódico com peŕıodo 1/∆T

Logo, para caracterização do sinal precisamos apenas de 1 peŕıodo
amostrado de F̃ (µ).

Suponha que em um peŕıodo (0 ≤ µ ≤ 1/∆T ) de F̃ (µ) queremos
coletar M amostras:

µ =
m

M∆T
, m = 0, 1, 2, . . . ,M − 1.

F̃ (µ) =
∞∑

n=−∞
fne
−j2πµn∆T

Fm =
M−1∑
n=0

fne
−j2πmn/M m = 0, 1, 2, . . . ,M − 1.

Esta é expressão da TF discreta que estamos procurando.

Mylène Farias (ENE-UnB) IP 21 de Março de 2017 32 / 107



Discrete Fourier Transform
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Discrete Fourier Transform

Discrete Fourier Transform (TDF) - Direct

F (u) =
M−1∑
x=0

f (x)e−j2πux/M m = 0, 1, 2, . . . ,M − 1.

Discrete Fourier Transform (TDF) - Inverse

f (x) =
1

M

M−1∑
u=0

F (u)e j2πux/M x = 0, 1, 2, . . . ,M − 1.
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Discrete Fourier Transform

F (u) = F (u + kM)

f (x) = f (x + kM)

And the convolution? Circular Convolution

f (x) ∗ h(x) =
M−1∑
m=0

f (m)h(x −m)

Relation between spatial sampling and frequency intervals

T = M∆T

∆u = 1/(M∆T ) = 1/T

Ω = M∆u = 1/∆T
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Discrete Fourier Transform
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Example

DFT of a step signal of length 5:
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Example

DFT of a step signal of length 5:

X̃ [k] =
4∑

n=0

1e−j(2π/5)·kn = 5δ[k − r · 5]
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Example

DFT of a step signal of length 10:
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Example

DFT of a step signal of length 10:

X̃ [k] =
4∑

n=0

1e−j(2π/10)·kn =
1− e−j(2π)k

1− e−j(2π/5)k
= e−j(4π/10)k sin(πk/2)

sin(πk/10)
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2D Signals
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2D Signals
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2D Signals
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Discrete Fourier Transform

F (u, v) = 1
MN

∑M−1
x=0

∑N−1
y=0 f (x , y)e−j(2π)·( ux

M
+ vy

N )

f (x , y) =
∑M−1

u=0

∑N−1
v=0 F (u, v)e j(2π)·( ux

M
+ vy

N )

Magnitude:

|F (u, v)| =
[
R2(u, v) + I 2(u, v)

]1/2

Fase:

|φ(u, v)| = arctan

[
I (u, v)

R(u, v)

]
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Properties

Mylène Farias (ENE-UnB) IP 21 de Março de 2017 44 / 107



Properties
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2D Aliasing
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2D Aliasing
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2D Aliasing
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2D Aliasing
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Moiré
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Moiré
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Moiré
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TFD-2D Properties
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TFD-2D Properties
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TFD-2D Properties
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TFD-2D Properties
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TFD-2D Properties
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TFD-2D Properties
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TFD-2D Properties
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TFD-2D Properties
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Filters
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Filters

G (u, v) = H(u, v) · F (u, v)

Filter result, after deleting F (M/2,N/2) – eliminating the DC level.
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Filters

Low-Pass High-Pass High-Pass + DC
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Padding
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Periodicity
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Periodicity
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Filters
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Example
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Low-Pass Filters
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Ideal Filter
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Ideal Filter

Filter Ideal: Cutoff frequencies:
radius 10, 30, 60, 160 e 460.
Power energy removed by these
filter: 13, 6.9, 4.3, 2.2, e 0.8% of
the total energy.

Mylène Farias (ENE-UnB) IP 21 de Março de 2017 74 / 107



Butterworth Filter

H(u, v) =
1

1 + [D(u, v)/Do ]2n
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Filter Butterworth

In time:
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Butterworth Filter

Butterworth Filter: Cutoff
frequencies with radius equal to
10, 30, 60, 160 and 460. Power
energy removed by these Filters:
13, 6.9, 4.3, 2.2, e 0.8% of the
total energy.
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Gaussian Filters

H(u, v) = e−D
2(u,v)/2D2

o
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Gaussian Filters

Gaussian Filter: Cutoff
frequencies with radius equal to
10, 30, 60, 160 and 460. Power
energy removed by these Filters:
13, 6.9, 4.3, 2.2, e 0.8% of the
total energy.
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Summary – Filters
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Examples – Filters
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Examples – Filters
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Examples – Filters
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Enhancement

High-Pass Filters:

HHP(u, v) = 1− HLP(u, v)
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High-Pass Filters

Ideal

Butterworth

Gaussian
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Spatial Representation
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Ideal High-Pass Filters
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Butterworth High-Pass Filters
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Gaussian High-Pass Filters
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Example
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Laplacian Filter

g(x , y) = f (x , y)−∇2f (x , y)

g(x , y) = F−1
{[

1 + (u −M/2)2(v − N/2)2
]
F (u, v)

}
f (x , y)

Mylène Farias (ENE-UnB) IP 21 de Março de 2017 91 / 107



Example
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Remembering ...

g(x , y) = f (x , y)− fLP(x , y) fHB(x , y) = Af (x , y)− fLP(x , y)

fHB(x , y) = (A− 1)f (x , y) + f (x , y)− fLP(x , y)

and
fhb(x , y) = (A− 1)f (x , y) + fHP(x , y)

HHP(u, v) = 1− HLP(u, v)

HHB(u, v) = (A− 1) + HHP(u, v)
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Example
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Homomorphic Filtering
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Homomorphic Filtering

f (x , y) = i(x , y) · r(x , y)

But,
TF {f (x , y)} 6= TF {i(x , y)} · TF {r(x , y)}

Considering that

z(x , y) = ln f (x , y) = ln i(x , y) + ln r(x , y),

We have:

TF {z(x , y)} = TF {ln f (x , y)} = TF {ln i(x , y)}+ TF {ln r(x , y)} .

So:

Z (u, v) = Fi (u, v) + Fr (u, v)
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Homomorphic Filtering

S(u, v) = H(u, v) · Z (u, v)

= H(u, v)Fi (u, v) + H(u, v)Fr (u, v)

s(x , y) = TF−1 {S(u, v)}
= TF−1 {H(u, v)Fi (u, v)}+ TF−1 {H(u, v)Fr (u, v)}

i ′(x , y) = TF−1 {H(u, v)Fi (u, v)}
r ′(x , y) = TF−1 {H(u, v)Fr (u, v)}

s(x , y) = i ′(x , y) + r ′(x , y)

Mylène Farias (ENE-UnB) IP 21 de Março de 2017 97 / 107



Homomorphic Filtering

g(x , y) = es(x ,y)

= e i
′(x ,y) · er ′(x ,y)

= i0(x , y) · r0(x , y)
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Homomorphic Filtering

Illumination - low-frequency spatial variations

Reflectance abrupt variations

Homomorphic Filtering treat low and high frequencies differently

H(u, v) = (γH − γL)
[
1− e−c(D2(u,v)/D2

0 )
]

+ γL
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Example: Homomorphic Filtering
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Band-reject and Band-Pass Filters

HBP(u, v) = 1− HBR(u, v)
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Band-reject and Band-Pass Filters
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Notch Filters
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Notch Filters

Ideal:

H(u, v) =

{
0, ifD1(u, v) ≤ D0 ou D2(u, v) ≤ D0

1, otherwise

D1(u, v) =
[
(u −M/2− u0)2 + (v − N/2− v0)2

]1/2

D2(u, v) =
[
(u −M/2 + u0)2 + (v − N/2 + v0)2

]1/2

Butterworth:

H(u, v) =
1

1 +
[

D2
0

D1(u,v)D2(u,v)

]n
Gaussian:

H(u, v) = 1− e
− 1

2

[
D1(u,v)D2(u,v)

D2
0

]
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Notch Filters
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Notch Filters
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Notch Filters
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