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Model of the Degradation and Restoration Processses

g(x , y) = h(x , y) ∗ f (x , y) + η(x , y)
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Model of the Degradation and Restoration Processses

G (u, v) = H(u, v) · F (u, v) + N(u, v)
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Noise

Gaussian Noise:

p(z) =
1√
2πσ

e−(z−µ)2/2σ2

Rayleigh Noise:

p(z) =

{
2
b (z − 1)e−(z−a)2/b, for z ≥ a

0, otherwise
(1)

Erlang Noise:

p(z) =

{
abzb−1

(b−1)! e
−az , for z ≥ 0

0, otherwise
(2)
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Noise

Exponential Noise:

p(z) =

{
ae−az , for z ≥ 0

0, otherwise
(3)

Uniform Noise:

p(z) =

{
1

(b−a) , for b ≤ z ≤ a

0, otherwise
(4)

Impulsive Noise:

p(z) =


Pa, for z = a

Pb, for z = b

0, otherwise

(5)
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Probability Density Functions of Different Types of Noise

Mylène Farias (ENE-UnB) IP 4 de Abril de 2017 7 / 47



Examples
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Noise

Ways to Extract Noise

spectrum

spatial domain

analysing the noise pattern (known source)

analysing image regions
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Periodic Noise
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Region Analysis
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Noise

Filtering

frequency domain

spatial domain
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Spatial Filtering

g(x , y) = f (x , y) + η(x , y)

G (u, v) = F (u, v) + N(u, v)

Additive Noise – Spatial Filtering;

Spatial Filters – as shown in previous chapters.
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Spatial Filtering

Artihmetic Average:

f̂ (x , y) = 1
mn

∑
(s,t)∈Sx,y g(s, t)

Median:

f̂ (x , y) = Median(s,t)∈Sx,y {g(s, t)}

Geometric Averages:

f̂ (x , y) =
[∏

(s,t)∈Sx,y g(s, t)
]mn

Mylène Farias (ENE-UnB) IP 4 de Abril de 2017 16 / 47



Spatial Filtering

Harmonic Mean Filter:

f̂ (x , y) = mn∑
(s,t)∈Sx,y

1
g(s,t)

Contraharmonic Mean Filter:

f̂ (x , y) =

∑
(s,t)∈Sx,y g(s,t)Q+1∑

(s,t)∈Sx,y g(s,t)Q

Max and Min Filters:

f̂ (x , y) = max(s,t)∈Sx,y {g(s, t)}

f̂ (x , y) = min(s,t)∈Sx,y {g(s, t)}
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Spatial Filtering

Midpoint Filter:

f̂ (x , y) = 1
2

[
max(s,t)∈Sx,y {g(s, t)}+ min(s,t)∈Sx,y {g(s, t)}

]
Alpha-trimmed Filter:

f̂ (x , y) = 1
mn−d

∑
(s,t)∈Sx,y g(s, t)

Delete the smaller d/2 and the highest d/2 values in the
neighborhood Sx ,y .
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Contra-Harmônicos com Valores Trocados
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Adaptive Filter

Changes for each region - adapting to the image statistics

Higher computational cost

Average - average intensity level
Variance - average contrast

Region Sxy:

g(x,y) value, variance, average, noise
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Adaptive Filter

g(x , y) = f (x , y) + η(x , y)

If σ2
η = 0, the filter returns g(x , y)

If the local variance σ2
L is higher than σ2

η, the filter returns g(x , y)
(borders)

If the variances are similar, an arithmetic average filter must be
applied:

f̂ (x , y) = g(x , y)− σ2
η

σ2
L

[g(x , y)−mL] , σ2
η � σ2

L
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Adaptive Filter (Median)

zmin = minimum intensity value in Sx ,y
zmax = maximum intensity value in Sx ,y
zmed = median intensity value in Sx ,y
zxy = intensity value of (x , y) coordinates
Smax = maximum size for Sx ,y
Level A:

A1 = zmed − zmin

A2 = zmed − zmax

IF A1 > 0 e A2 < 0, go to level B
ELSE increase the window size
IF window size ≤ Smax repeat level A
ELSE output = zxy

Level B:
B1 = zxy − zmin

B2 = zxy − zmax

IF B1 > 0 e B2 < 0, output = zxy
ELSE output = zmed
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Optimum Notch Filter

g(x , y) = f (x , y) + η(x , y)

N(u, v) = HNP(u, v) · G (u, v)

η(x , y) = TF−1 (HNP(u, v) · G (u, v))

f̂ (x , y) = f (x , y)− w(x , y)η(x , y)

Choose w(x , y) to minimize the variance of the estimative

σ2(x , y) =
1

(2a + 1)(2b + 1)

a∑
s=−a

b∑
t=−b

[
f̂ (x + s, y + t)− f (x , y)

]2

f (x , y) =
1

(2a + 1)(2b + 1)

a∑
s=−a

b∑
t=−b

f̂ (x + s, y + t)

w(x + s, y + t) = w(x , y)

w(x + s, y + t)η(x , y) = w(x + s, y + t)η(x , y)
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Optimum Notch Filter

To minimize σ2(x , y), solve:

σ2(x , y)

dw(x , y)
= 0

The result is:

w(x , y) =
g(x , y) · η(x , y)− g(x , y) · η(x , y)

η2(x , y)− η(x , y)
2

So, it suffices to use the above result to obtain f̂ (x , y):

f̂ (x , y) = f (x , y)− w(x , y)η(x , y)
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Linear and Time-Invariant Degradations

g(x , y) = H [f (x , y)] + η(x , y)

Se η(x , y) = 0 =⇒ g(x , y) = H [f (x , y)]

Since the system is linear:

H [a · f1(x , y) + b · f2(x , y)] = a · H [f1(x , y)] + b · H [f2(x , y)]

And time-invariant:

H [f (x − α, y − β)] = g(x − α, y − β)
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Linear and Time-Invariant Degradations

g(x , y) =

∫ ∞
−∞

∫ ∞
−∞

f (α, β)h(x − α, y − β)dαdβ + η(x , y)

If η(x , y) = 0

g(x , y) =

∫ ∞
−∞

∫ ∞
−∞

f (α, β)h(x − α, y − β)dαdβ

G (u, v) = H(u, v)F (u, v) + N(u, v)

g(x , y) = h(x , y)h(x , y) + η(x , y)
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Degradation Estimation

Observation:

Hs(u, v) = Gs(u,v)

F̂ (u,v)

Experimentation:

Hs(u, v) = G(u,v)
A

Mathematical Modeling:

H(u, v) = e−k(u2+v2)5/6

degradation model proposed by Hufnagel and Stanley (1964), based on atmospheric turbulence.
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Experimentation
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Mathematical Models

Atmospheric Turbulence model:
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Blur Model (Motion BLur)

g(x , y) =

∫ T

0
f (x − x0(t), y − yo(t))dt

G (u, v) =

∫ ∞
−∞

∫ ∞
−∞

g(x , y)e−j2π(ux+uy)dxdy

=

∫ ∞
−∞

∫ ∞
−∞

[∫ T

0
f [x − x0(t), y − yo(t)] dt

]
e−j2π(ux+uy)dxdy

G (u, v) =

∫ T

0

[∫ ∞
−∞

∫ ∞
−∞

f [x − x0(t), y − yo(t)] e−j2π(ux+uy)dxdy

]
dt

G (u, v) =

∫ T

0
F (u, v)e−j2π[uxo(t)+uy0(t)]dt

= F (u, v)

∫ T

0
e−j2π[uxo(t)+uy0(t)]dt
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Example

H(u, v) =
∫ T

0 e−j2π[uxo(t)+uy0(t)]dt

Movement in the x direction: x0(t) = a·t
T

H(u, v) =

∫ T

0
e−j2πuxo(t)dt

=

∫ T

0
e
−j2πu·at

T dt

=
T

πua
sin(πua)e−jπua

Or, more generically: (blur in both directions)

H(u, v) = T
π(ua+vb) sin(π(ua + vb))e−jπ(ua+vb)
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Inverse Filtering

If we know the degradation, can we directly restore the image?

F̂ (u, v) =
G (u, v)

H(u, v)

G (u, v) = H(u, v)F (u, v) + N(u, v)

F̂ (u, v) = F (u, v) +
N(u, v)

H(u, v)

Even if we know the degradation, we cannot recover the signal
completely ...

And if H(u, v) has zero values?

Option: Limit the values of the filter around (0,0).
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Wiener Filter

e2 = E

[(
f − f̂

)2
]

(6)
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